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OPTIMAL LOWER BOUNDS FOR DONALDSON’S
J-FUNCTIONAL
ZAKARIAS SJO¨STRO¨M DYREFELT
Abstract. In this paper we provide an explicit formula for the op-
timal lower bound of Donaldson’s J-functional, in the sense of finding
explicitly the optimal constant in the definition of coercivity, which
always exists and takes negative values in general. This constant is
positive precisely if the J-equation admits a solution, and the ex-
plicit formula has a number of applications. First, this leads to new
existence criteria for constant scalar curvature Ka¨hler (cscK) met-
rics in terms of Tian’s alpha invariant. Moreover, we use the above
formula to discuss Calabi dream manifolds and an analogous notion
for the J-equation, and show that for surfaces the optimal bound
is an explicitly computable rational function which typically tends
to minus infinity as the underlying class approaches the boundary
of the Ka¨hler cone, even when the underlying Ka¨hler classes admit
cscK metrics. As a final application we show that if the Lejmi-
Sze´kelyhidi conjecture holds, then the optimal bound coincides with
its algebraic counterpart, the set of J-semistable classes equals the
closure of the set of uniformly J-stable classes in the Ka¨hler cone,
and there exists an optimal degeneration for uniform J-stability.
1. Introduction
An important question in Ka¨hler geometry is existence of canonical metrics
on compact Ka¨hler manifolds, and a central role is played by the study of
properness of energy functionals on the space of Ka¨hler metrics. In particu-
lar, the work of Mabuchi [37, 38, 39] and many others established a strong
connection between existence of constant scalar curvature Ka¨hler metrics and
properness of the Mabuchi K-energy functional. A milestone of this approach
was Tian’s properness conjecture (see e.g. [45, 23, 5]) which was eventually
proved in a celebrated series of papers [10, 11, 12]. More precisely, building on
the work of [8, 39, 38, 3, 17, 5] and others, X.X. Chen and J. Cheng recently
clarified that existence of twisted cscK metrics is equivalent to properness
of the twisted Mabuchi K-energy functional defined on the space of Ka¨hler
potentials on X.
Motivated by the above we now study various aspects of properness of
the functionals corresponding to the constant scalar curvature equation and
Donaldson’s J-equation respectively. To state our results, let (X,ω) be a
compact Ka¨hler manifold, with discrete automorphism group, and write
H := {ϕ ∈ C∞(X) | ωϕ := ω +
√−1∂∂¯ϕ > 0}
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for the associated space of Ka¨hler potentials. Let θ be an auxiliary Ka¨hler
form on X and consider Donaldson’s functional Eθω (in the literature often
referred to as the J-functional, see Section 2.1 for the precise terminology),
whose critical point equation is precisely Donaldson’s J-equation
(1) Trωϕθ = c,
where ϕ ∈ H and c is the only possible topological constant. The J-functional
Eθω can more generally be considered for arbitrary smooth closed (1, 1)-forms
θ, and appears as the pluripotential part in the Chen-Tian decomposition
(2) Mθω = E
θ
ω +Hω
of the twisted Mabuchi K-energy functional, see [16], thus connecting proper-
ness of Eθω to existence of cscK metrics. The main goal of this paper is to
study properness of Donaldson’s J-functional, by determining how the nu-
merical stability threshold
(3) Γppθ (ω) := sup{δ ∈ R | ∃C > 0, Eθω(ϕ) ≥ δ||ϕ|| − C, ∀ϕ ∈ H},
varies with θ and ω, where ||ϕ|| is a suitable norm (see Section 2.1). Note that
Γppθ (ω) > 0 precisely if (1) has a solution, see [18, Propositions 21 and 22]. It
is here useful to warn the reader that much of the literature focuses on deter-
mining when there exists a positive constant δ as in (3), but then it follows
from coercivity of Hω and related properness conjectures (see [45, 18, 11])
that the J-equation and the cscK equation automatically admit solutions, so
estimating the degree to which it is positive would not be very useful. In-
stead, the main idea of this paper is to understand precisely how negative the
constant Γppθ (ω) is when the J-functional is not coercive (due to connections
between the J-equation and the cscK equation such an estimate would have
numerous potential applications). To make this rigorous, we first note that
the set of δ ∈ R that satisfies the condition in (3) is non-empty, see Proposi-
tion 12. Furthermore, the above properness depends only on the associated
cohomology classes [θ] ∈ H1,1(X,R) and [ω] ∈ CX , and it is natural to expect
that the stability threshold Γppθ (ω) descends to a function in cohomology.
This is confirmed in Proposition 13 and Remark 3.
As a first main result we provide an explicit formula for the stability thresh-
old Γppθ (ω) on unstable compact Ka¨hler surfaces, building on the cohomolog-
ical condition for solvability of the J-equation in [16]:
Theorem 1. Let (X,ω) be a compact Ka¨hler surface with discrete automor-
phism group, and θ an auxiliary Ka¨hler form on X. If there is no solution
ϕ ∈ H to the J-equation Trωϕθ = c, then the stability threshold satisfies
(4) Γppθ (ω) = 2
∫
X
θ ∧ ω∫
X
ω2
− inf{δ > 0 : δ[ω] − [θ] > 0}.
In other words, either there exists a solution to the J-equation (1), or we
can quantify explicitly how far the J-functional is from being proper. This
follows because, by [18] and by construction, the above stability threshold is
positive if and only if there exists a solution to Donaldson’s J-equation with
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respect to θ and ω (and this is in turn equivalent to convergence of the J-flow
[29, 44, 18]).
For the applications to the constant scalar curvature problem that we have
in mind, we in general need a version of Theorem 1 valid for arbitrary smooth
closed (1, 1)-forms θ on X (in particular we wish to take [θ] = −c1(X)). To
state it we introduce a cohomological condition, involving the Seshadri type
constant
T ([θ], [ω]) := sup{δ ∈ R | [θ]− δ[ω] ≥ 0},
which is often possible to compute in practice. We then obtain the following
generalized version of Theorem 1:
Theorem 2. Let (X,ω) be a compact Ka¨hler surface with discrete automor-
phism group, and let θ be any smooth closed (1, 1)-form on X. If moreover
Γppθ (ω) < T ([θ], [ω]), then (4) holds.
We emphasize that if the above hypothesis is not satisfied, then there always
exist solutions to the J-equation (assuming that θ and ω are Ka¨hler forms,
since then T ([θ], [ω]) > 0 and Γppθ (ω) > 0 implies existence of a solution, by
[18, Proposition 21]). Along the same lines it follows that if [θ] is nef then
the statement improves on Theorem 1, but when [θ] is not semi-positive, the
cohomological constant T ([θ], [ω]) may be negative. The obvious application
is to consider θ := −Ric(ω), when it is well known that the threshold value is
related to properness of the K-energy via Tian’s alpha invariant αX([ω]) (see
[45]), since the latter controls the entropy term Hω of the Mabuchi K-energy
functional. As an application of Theorem 2 we thus obtain the following
existence criterion for cscK metrics:
Corollary 3. Let (X,ω) be a compact Ka¨hler surface with discrete automor-
phism group. Then X admits a constant scalar curvature Ka¨hler metric in
[ω] ∈ H1,1(X,R) if the numerical conditions
(1)
−2
∫
X
Ric(ω) ∧ ω∫
X
ω2
− inf{δ : −c1(X)− δ[ω] ≤ 0} > −3
2
αX([ω])
(2)
T (−c1(X), [ω]) > −3
2
αX([ω])
are both satisfied.
This sufficient condition should be compared to other properness criteria using
the alpha invariant, see for instance [31, 36, 25], as well as [11, Corollary 1.5]
and references therein (in particular, the above result implies the criteria of
Li-Shi-Yao [36] and Dervan [25] in the case of surfaces). Higher dimensional
analogues may also be obtained, using Theorem 5 below, in which case the
obtained criterion a priori appears to be completely different to the previously
known ones.
A main point to emphasize is that the expression in Theorem 2 is often
explicitly computable in practice, given a good enough understanding of the
Ka¨hler cone. For explicit computations, see Section 4.3, where we revisit J.
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Ross’ slope unstable examples for products of smooth irreducible projective
curves X = C×C of genus g ≥ 2, see [40]. More generally, consider [θ] ∈ CX ,
let a ∈ ∂CX be a nef but not Ka¨hler class, and let ωt, t ∈ [0, 1], be any Ka¨hler
forms satisfying [ωt] := (1 − t)a + t[θ], such that [ωt] defines a line segment
in H1,1(X,R) joining [θ] to the boundary of the Ka¨hler cone at the point a.
Then the cohomological quantity Γppθ (ωt) is well-defined for t > 0, and the
formula (4) reduces to the rational function
Γppθ (ωt) = 2
∫
X
θ ∧ ω∫
X
ω2
− t−1
under the same conditions as in Theorem 2. In fact, it is interesting to note
that the typical behaviour seems to be that the stability threshold tends to
minus infinity as the underlying Ka¨hler class [ω] approaches the boundary of
the Ka¨hler cone, see also Example 4.4.
1.1. A formula in higher dimension for manifolds satisfying the
Lejmi-Sze´kelyhidi conjecture. It is natural to ask about generalizations
of Theorem 2 in higher dimension. In order to obtain such results we con-
sider the case of compact Ka¨hler manifolds X satisfying the Lejmi-Sze´kelyhidi
conjecture. In what follows, consider the cohomological constant
Cθ,ω := n
∫
X
θ ∧ ωn−1∫
X
ωn
,
which coincides with the constant in (1).
Conjecture 4. [18, 35] Suppose that (X,ω) is a compact Ka¨hler manifold
with θ an auxiliary Ka¨hler form on X. Then there exists a solution to equation
(1) if and only if
Cθ,ω
∫
V
ωp > p
∫
V
θ ∧ ωp−1
for every subvariety V ⊂ X of dimension p ≤ n− 1.
This conjecture was proven for toric manifolds in [18]. Assuming the Lejmi-
Sze´kelyhidi conjecture we now obtain the following explicit formula general-
izing the one for surfaces (the right hand side can in particular be seen to be
finite, see Lemma 22):
Theorem 5. Suppose that X is a compact Ka¨hler manifold such that the
Lejmi-Sze´kelyhidi conjecture holds (e.g. X toric), and suppose that ([θ], [ω]) ∈
H1,1(X,R)× CX with Γppθ (ω) < T ([θ], [ω]). Then the stability threshold satis-
fies
(5) Γppθ (ω) = inf
V
Cθ,ω
∫
V
ωp − p ∫
V
θ ∧ ωp−1
(n− p) ∫
V
ωp
,
where the infimum is taken over all subvarieties V ⊂ X of dimension p ≤
n− 1. Moreover, the infimum is then achieved by a subvariety Vmin ⊂ X.
Remark 1. While this paper was already in preparation a proof of a uniform
version of the Lejmi-Sze´kelyhidi conjecture was made available by G. Chen
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[9]. Following their result, we can in fact show that the first part of The-
orem 5 holds for all compact Ka¨hler manifolds with discrete automorphism
group, without additional assumptions. Note however that the stronger (non-
uniform) statement of the Lejmi-Sze´kelyhidi conjecture is needed to guarantee
that the infimum is achieved in general, see Remark 5.
Note that if X is toric then it suffices to test for the (finite number of) toric
subvarieties. In general, however, it is helpful to know that the infimum above
is in fact achieved, bringing us closer to actually applying the formula for the
optimal lower bound in practice. Characterizing the minimizing subvariety
Vmin ⊂ X in practice is an important question, related to the circle of ideas
surrounding ’optimal degenerations’ (geodesic rays or test configurations) in
the literature on the Yau-Tian-Donaldson conjecture, which links existence of
constant scalar curvature Ka¨hler metrics to the algebro-geometric K-stability
notion.
1.2. Examples and explicit characterization of J-stable classes on
surfaces. A further motivation for the present project is its applications the
constant scalar curvature problem, in particular to the discussion on Calabi
dream manifolds, revived in the recent work of X.X. Chen and J. Cheng [11].
To put this into context, consider first the case of a compact Ka¨hler manifold
X with −c1(X) > 0. By analogy with the Ka¨hler-Einstein problem and
the Aubin-Yau theorem, it was initially suspected that the K-energy should
always be proper. This was however shown by J. Ross to be false, by providing
examples of products of smooth curves X = C ×C of genus g ≥ 2 where the
twisted K-energy functional is not always proper, see [40]. On the other hand,
it was shown by Chen-Cheng [11], building on Song-Weinkove [44], that if X
is a compact Ka¨hler surface of general type that admits no curve of negative
self-intersection, then the energy part of the K-energy is in fact proper over
every Ka¨hler class. Even though the original expectation of Calabi that every
compact Ka¨hler manifold is a Calabi Dream Manifold is not correct, it would
be important to clarify how “far” his vision is from being true. Generally, one
would like to understand the picture of the Ka¨hler cone; what classes satisfy
what stability notions, and what are their relation. Moreover, note that if we
can understand precisely what minimal models are Calabi dream manifolds,
then it would significantly improve our understanding also of constant scalar
curvature polarizations on arbitrary compact Ka¨hler surfaces, using the blow
up results of Arezzo-Pacard [1].
As an application of the continuity that follows from the formula in The-
orem 2 we now point out a generalization of a result of X.X. Chen and J.
Cheng on Calabi dream surfaces. They showed, building on an observation
of Donaldson [29], that every compact Ka¨hler manifold with c1(X) < 0 and
no curves of negative self-intersection are Calabi dream manifolds. In partic-
ular, for such manifolds the cone BigX of big (1, 1)-cohomology classes equals
the Ka¨hler cone. In fact, we observe that if θ is a fixed Ka¨hler form, then
the Jθ,ω-equation (1) admits a solution in every Ka¨hler class [ω] (for every
ω ∈ [ω]) if and only if BigX = CX . Moreover, if BigX 6= CX , then it is possible
to determine precisely which Ka¨hler classes admit a solution:
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Theorem 6. Let X be a compact Ka¨hler surface with discrete automorphism
group, with η a smooth closed (1, 1)-form on X such that either [η] ∈ CX or
[η] = 0. If −c1(X) + [η] ≥ 0, then the following holds:
(1) If BigX = CX , then the Jθ,ω-equation admits a solution for every
pair of Ka¨hler forms (θ, ω) on X, and there exists an η-twisted cscK
metric in every Ka¨hler class [ω] ∈ CX .
(2) If BigX 6= CX , let θ be a fixed Ka¨hler form on X, and suppose that a ∈
∂CX is a nef but not Ka¨hler class which is normalized such that a2 =
[θ]2. Let ωt be any Ka¨hler forms on X such that [ωt] := (1− t)a+ t[θ]
for t ∈ (0, 1). Then the Jθ,ω-equation (1) admits a solution precisely
if [ω] belongs to the subcone {λ[ωt] : λ > 0, t ∈ (1/2, 1]} ⊂ CX .
Remark 2. Taking [η] = 0, the statement (1) extends [11, Corollary 1.7] to
the case when −c1(X) is nef.
It is moreover interesting to note the following consequence of the explicit
formula in Theorem 1, which gives insight about the geometry of the set of
J-stable Ka¨hler classes:
Corollary 7. For each fixed [θ] ∈ CX the set of Ka¨hler classes [ω] ∈ CX that
admits a solution to (1) is open, connected and star convex.
Finally, let X be a Calabi dream surface, and consider π : Yp → X the
blowup of X at a point p ∈ X. Since blowups admit an exceptional curve,
it follows from the above and Arezzo-Pacard [1] that in any such example
there are Ka¨hler classes on X that are K-stable but not J-stable. A similar
phenomenon can be illustrated concretely in the examples studied by J. Ross
in [40], see Section 4.3.
1.3. A formula for algebraic thresholds and applications. The above
results can also be proven on the side of algebraic thresholds, related to
uniform J-stability, essentially with the same techniques. We state our results
using the generalized formalism for test configurations that was introduced in
[41, 27], which yields a J-stability notion which in the projective case coincides
with that of Lejmi-Sze´kelyhidi [35]. In this terminology, consider the norm of
test configuration given by
||(X ,A)|| := lim
t→+∞
t−1Eωω(ϕt),
where (X ,A) is a test configuration for (X, [ω]) in the sense of [41, 27]. Fur-
thermore, we may define an algebraic stability threshold by
∆ppθ (ω) := sup{δ ∈ R | Eθω(X ,A) ≥ δ||(X ,A)||}
= inf
||(X ,A)||=1
Eθω(X ,A),
see Section 5.1 for definitions and details. We then note that the optimal
lower bound in Theorem 1 is in fact achieved also on the side of the non-
Archimedean Donaldson J-functional along test configurations:
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Theorem 8. Under the conditions of Theorem 5 the analytic and algebraic
stability thresholds coincide, i.e.
∆ppθ (ω) = Γ
pp
θ (ω).
In particular, we have the formula
∆ppθ (ω) = inf
V
Cθ,ω
∫
V
ωp − p ∫
V
θ ∧ ωp−1
(n− p) ∫
V
ωp
,
where the infimum is taken over all subvarieties V ⊂ X of dimension p ≤
n− 1.
In other words, the infimum is realized by the test configurations given by the
degeneration to the normal cone of V ⊂ X (and it is therefore not surprising
that the analytic and algebraic thresholds coincide, in view of Theorem 5).
We moreover note that in view of [43] it follows that the restrictions of the
stability threshold functions Γppθ (ω) and ∆
pp
θ (ω) to the open subset
VX := {([θ], [ω]) ∈ H1,1(X,R)× CX : Γppθ (ω) < T ([θ], [ω])}
of H1,1(X,R) × CX are upper semi-continuous. Since it is strongly expected
that Γppθ (ω) is lower semi-continuous, this would lead to a proof of continuity
of both thresholds, valid also in higher dimension. As previously noted, in the
case of surfaces the thresholds are even rational functions. As a consequence
we can therefore confirm in this case that the closure of the set of J-stable
classes equals the set of J-semistable classes, see Corollary 34.
1.4. Organization of the paper. In Section 2 we introduce analytic pre-
liminaries and definitions of energy functionals and stability thresholds. In
Section 3 we establish a variety of properties of the introduced stability thresh-
olds and prove several of our main results: The explicit formula for surfaces
is proven in Section 3.2 (see Theorems 17 and 18). The main results in higher
dimension is proven in Section 3.3. In Section 4.3 we discuss examples and
prove Theorem 6 (see Theorem 27). We also discuss applications to twisted
constant scalar curvature metrics, and the existence criterion for cscK met-
rics (Corollary 3) is proven in Corollary 31. Finally, in Section 5.1 we study
analogous algebraic stability thresholds and prove Theorem 8.
We caution the reader that certain statements in Sections 3-5 should be
interpreted from the point of view of cohomology, as explained in Remark 3
and Notation 1.
2. Preliminaries
2.1. Variational setup. We employ the standard variational setup that is
frequently used throughout the Ka¨hler geometry literature. To introduce
our notation, let (X,ω) be a compact Ka¨hler manifold of complex dimension
n ≥ 2 and write [ω] ∈ H1,1(X,R) for the associated Ka¨hler class. Let
Vω :=
∫
X
ωn
n!
8 ZAKARIAS SJO¨STRO¨M DYREFELT
be the Ka¨hler volume of (X,ω). Let Ric(ω) be the Ricci curvature form,
normalized such that [Ric(ω)] = c1(X), and write S(ω) := TrωRic(ω) for
the scalar curvature of (X,ω). Denote the automorphism group of X by
Aut(X) and its connected component of the identity by Aut0(X). Write
CX ⊂ H1,1(X,R) for the cone of Ka¨hler cohomology classes on X. Let CX be
the nef cone, ∂CX its boundary, and let BigX be the cone of big (1, 1)-classes
on X.
We write (H, d1) for the space of Ka¨hler potentials on X endowed with
the L1-Finsler metric d1, and denote by (E1, d1) its metric completion (see
[19, 20, 21, 22, 4, 6] and references therein). Write PSH(X,ω) ∩ L∞(X) for
the space of bounded ω-psh functions on X.
Now consider ϕ ∈ PSH(X,ω)∩L∞(X). We may define well-known energy
functionals
Iω(ϕ) :=
1
Vωn!
∫
X
ϕ(ωn − ωnϕ)
Jω(ϕ) =
1
Vωn!
∫
X
ϕωn − 1
Vω(n+ 1)!
∫
X
ϕ
n∑
j=0
ωj ∧ ωn−jϕ
Eθω(ϕ) :=
1
Vωn!
∫
X
ϕ
n−1∑
j=0
θ ∧ ωj ∧ ωn−j−1ϕ −
1
Vω(n+ 1)!
∫
X
ϕθ
n∑
j=0
ωj ∧ ωn−jϕ
where θ is any smooth closed (1, 1)-form onX and θ is the topological constant
given by
θ :=
∫
X
θ ∧ ωn−1(n−1)!∫
X
ωn
n!
.
By the Chen-Tian formula [16] the K-energy functional can be written as the
sum of an energy/pluripotential part and an entropy part as
(6) Mω = E
−Ric(ω)
ω +Hω
where
Hω(ϕ) :=
1
Vωn!
∫
X
log
(
ωnϕ
ωn
)
ωnϕ
is the relative entropy of the probability measures ωnϕ/Vω and ω
n/Vω. In
particular, it is well known that Hω(ϕ) is always non-negative.
For any given smooth closed (1, 1)-form θ on X we also consider the θ-
twisted K-energy functional
Mθω := Mω + E
θ
ω.
In this paper it will be convenient to measure properness of the K-energy
against the functional
(Iω − Jω)(ϕ) = 1
Vω(n+ 1)!
∫
X
ϕ
n∑
j=0
ωj ∧ ωn−jϕ −
1
Vωn!
∫
X
ϕωnϕ
rather than against the usual Aubin J-functional or the d1-distance introduced
in [19]. The following is a standard definition:
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Definition 1. Let F : H → R be any of the above considered energy func-
tionals. We then say that F is coercive if
F(ϕ) ≥ δ(Iω − Jω)(ϕ) − C
for some δ, C > 0 and all ϕ ∈ H.
It is well known that the resulting coercivity notion is equivalent to the other
commonly seen coercivity notions in the literature. Indeed, the (Iω − Jω)-
functional is comparable to Jω, since we have
1
n
Jω ≤ Iω − Jω ≤ nJω,
see [46, Lemma 6.19, Remark 6.20]. The above functionals are moreover
comparable to d1(0, ϕ) (see e.g. [21]) and in addition we have the following
relationship between Iω − Jω and the Eθω-functionals:
Proposition 9. For any compact Ka¨hler manifold (X,ω), and any ϕ ∈ H,
we have
Eωω(ϕ) = (Iω − Jω)(ϕ).
Proof. In this situation we have
ω = n,
and hence rearranging terms yields
Eωω(ϕ) =
1
Vωn!
∫
X
ϕ
n−1∑
j=0
ωj+1 ∧ ωn−j−1ϕ −
n
Vω(n+ 1)!
∫
X
ϕ
n∑
j=0
ωj ∧ ωn−jϕ
=
n+ 1
Vω(n+ 1)!
∫
X
ϕ
n∑
l=1
ωl ∧ ωn−lϕ −
n
Vω(n+ 1)!
∫
X
ϕ
n∑
l=0
ωl ∧ ωn−lϕ
=
1
Vω(n+ 1)!
∫
X
ϕ
n∑
l=1
ωl ∧ ωn−lϕ −
n
Vω(n+ 1)!
∫
X
ϕωnϕ
=
1
Vω(n+ 1)!
∫
X
ϕ
n∑
l=0
ωl ∧ ωn−lϕ −
1
Vωn!
∫
X
ϕωnϕ
= (Iω − Jω)(ϕ).

The above picture is introduced with the following deep result in mind, re-
lating coercivity to existence of constant scalar curvature Ka¨hler metrics:
Theorem 10. (Main theorem of [11], and [5]) Let (X,ω) be a compact Ka¨hler
manifold and θ a Ka¨hler form on X. Then there exists a θ-twisted cscK metric
in [ω] ∈ H1,1(X,R), i.e. a solution ϕ ∈ H to the equation
(7) − Ric(ωϕ) ∧ ωn−1ϕ + θ ∧ ωn−1ϕ = λθ,ωωnϕ
λθ,ω =
(−c1(X) + [θ]) · [ω]n−1
[ω]n
if and only if Mθω is coercive.
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In view of this result we can reduce our study to understanding coercivity of
the relevant (twisted) energy functionals. For the closely related J-equation,
introduced by Donaldson in [30], motivated by [48], we also have equivalence
between existence and coercivity [18, 44]:
Theorem 11. ([44, 18]) Let (X,ω) be a compact Ka¨hler manifold and θ a
Ka¨hler form on X. Then there exists a solution ϕ ∈ H to the equation
(8) nθ ∧ ωn−1ϕ = Cθ,ωωnϕ , Cθ,ω = n
[θ] · [ω]n−1
[ω]n
,
if and only if Eθω is coercive.
The approach of this paper is to study the ’optimal constant’ δ ∈ R in the
definition of coercivity (Definition 1). More precisely, we consider the quan-
tities
Γθ(ω) := sup{δ ∈ R | ∃C > 0, Mθω(ϕ) ≥ δ(Iω − Jω)(ϕ)− C, ∀ϕ ∈ H}
and
Γppθ (ω) := sup{δ ∈ R | ∃C > 0, Eθω(ϕ) ≥ δ(Iω − Jω)(ϕ)− C, ∀ϕ ∈ H}
which are related to existence of twisted cscK metrics and solutions to equa-
tion (8) respectively. We refer to the above quantities as the θ-twisted sta-
bility threshold and the pluripotential stability threshold respectively, and use
the special shorthand Γ(ω) := Γ0(ω) for the threshold corresponding to the
(untwisted) K-energy. Note in particular that the above quantities are well-
defined, namely that there always exists a candidate for the supremum in
the above definitions (see Section 3 below for a proof of this). Finally, we
emphasize that the above stability thresholds are positive if and only if the
corresponding functionals are proper, and this is in turn related to existence
of solutions to equations (7) and (8), provided that θ and ω are Ka¨hler forms
on X. The point of view of the remaining sections of this paper is however
to use that properness of functionals can be considered even when θ is taken
to be any smooth closed (1, 1)-form on X.
3. Properties of stability thresholds and proof of main results
In this section we establish a number of fundamental properties of stability
thresholds Γppθ (ω) on compact Ka¨hler manifolds. In particular we underline
that the above stability thresholds are well-defined, and depend only on the
underlying cohomology classes.
3.0.1. Finiteness and independence of representatives. First we check that
the stability thresholds are well-defined for pairs (θ, ω) where ω is a Ka¨hler
form on X and θ is any smooth closed (1, 1)-form on X. More precisely, we
check that the thresholds Γθ(ω) and Γ
pp
θ (ω) are finite real numbers, that is,
the set of constants δ ∈ R such that Eθω ≥ δ(Iω−Jω)−C is always non-empty.
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Proposition 12. For each Ka¨hler form ω on X and each smooth closed
(1, 1)-form θ on X, the threshold values Γθ(ω) and Γ
pp
θ (ω) are well-defined
and finite, i.e.
Γθ(ω) ∈ R, Γppθ (ω) ∈ R.
Proof. It is enough to show that the threshold value cannot attain −∞, as
long as ω is Ka¨hler. To see this we may without loss of generality assume
that ∫
X
n∑
j=0
ϕωj ∧ ωn−jϕ = 0.
We can always find a constant C > 0 such that −Cω ≤ θ ≤ Cω. Then we
have the estimate
|Eθω(ϕ)| ≤
1
Vωn!
∫
X
n∑
j=1
|ϕ|ωj ∧ ωn−jϕ ≤ Cd1(0, ϕ/2),
and (up to changing C if necessary) we have
Cd1(0, ϕ/2) ≤ Cd1(0, ϕ) ≤ C(I− J)(ϕ).
Here we have used [21, Lemma 3.33] and [20, Theorem 3] for the second and
third inequalities, and finally the last step can be justified by the well-known
double inequality
1
C
d1(0, ϕ) ≤ (I− J)(ϕ) ≤ Cd1(0, ϕ),
see [20, Remark 6.3] and [23, Proposition 5.5]. In conclusion, there is a
constant C := C(||ϕ||θ,X) > 0 such that
Eθω(ϕ) ≥ −C(I− J)(ϕ) − C
for all ϕ ∈ PSH(X,ω) ∩ L∞(X). Since the entropy term of the K-energy (6)
is always non-negative, it follows that both Γθ(ω) and Γ
pp
θ (ω) are well-defined
finite real numbers. 
We moreover show that the stability thresholds depend only on the cohomol-
ogy classes [θ] and [ω], and not on the individual representatives (as long as ω
is assumed Ka¨hler). The following result is a simple refinement of [11, Corol-
lary 4.7] and [18, Theorem 1], such that it encompasses also the possibility of
twisting forms that are not necessarily Ka¨hler:
Proposition 13. Suppose that (X,ω) is a compact Ka¨hler manifold, and
let θ1, θ2 be smooth closed (1, 1)-forms on X, with [θ1], [θ2] ∈ H1,1(X,R) the
associated (1, 1)-cohomology classes. If [θ1] = [θ2] then
Γppθ1 (ω) = Γ
pp
θ2
(ω)
and
Γθ1(ω) = Γθ2(ω).
Proof. By [11, Corollary 4.7] (and [18, Theorem 1] for the J-equation) the
result holds whenever θ1 and θ2 are Ka¨hler forms representing the same Ka¨hler
class [θ1] = [θ2]. In general, we fix a Ka¨hler representative ω ∈ [ω] and pick
λ > 0 large enough so that θ1 + λω > 0 and θ2 + λω > 0 are both Ka¨hler
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representatives of the class [θ] + λ[ω]. By Lemma 14 and [11, Corollary 4.7]
we then have
Γθ1(ω) = Γθ1+λω(ω)− λ = Γθ2+λω(ω)− λ = Γθ2(ω),
and the same argument applies also for Γpp. 
Remark 3. It is moreover straightforward to check that Γppθ (ω) and Γθ(ω)
are independent of the choice of Ka¨hler form ω ∈ [ω]. As a consequence of
Propositions 12 and 13 we may thus naturally view the stability thresholds as
well-defined functions
Γ : H1,1(X,R) × CX → R
and
Γpp : H1,1(X,R)× CX → R
on the level of cohomology. The pairs ([θ], [ω]) ∈ CX × CX for which the
function Γ (resp. Γpp) is positive, are precisely those classes where the cor-
responding constant scalar curvature equation (resp. J-equation, see (8)) is
satisfied for some suitable choice of Ka¨hler forms θ ∈ [θ] and ω ∈ [ω]. Note
that forms are needed to discuss the J-equation and its solvability, but the
abstract conditions both for solvability and properness depend only on coho-
mology.
Notation 1. Motivated by the above it would be natural to emphasize the
dependence only on cohomology in our notation, by writing Γ[θ]([ω]) and
Γpp[θ]([ω]) where ([θ], [ω]) ∈ H1,1(X,R) × CX . It would then be implicit in the
notation that we refer to the numerical quantities which are equal respectively
to Γθ(ω) and Γ
pp
θ (ω) for all choices of Ka¨hler forms ω ∈ [ω] and all (not
necessarily Ka¨hler) smooth closed (1, 1)-forms θ ∈ [θ]. This notation will
sometimes be used in the following sections, but since stability thresholds
occur so frequently our arguments we most often omit the brackets in our
notation, and let the dependence only on cohomology be understood.
For the sequel it is useful to note also the following simple property:
Lemma 14. Suppose that θ is a smooth closed (1, 1)-form on X and ω a
Ka¨hler form on X. Let a, b ∈ R with a ≥ 0. Then
Γaθ+bω(ω) = aΓθ(ω) + b
and
Γppaθ+bω(ω) = aΓ
pp
θ (ω) + b.
Proof. First note that the (aθ+ bω)-twisted Eaθ+bωω -functional is linear in the
twist. In fact, we have
(9) Eaθ+bωω = aE
θ
ω + bE
ω
ω = aE
θ
ω + b(Iω − Jω),
where in the last step we have used Proposition 9. The conclusion follows by
taking the infimum in (9). 
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3.1. Piecewise linearity of Γpp in the twisting form. As a consequence
of Lemma 14 we now make the key observation that the threshold function
Γppθs (ω) is piecewise linear as we vary the twisting form θs along the straight
line θs := (1−s)θ+sω, where s ∈ R. By Proposition 13 the piecewise linearity
can moreover be described purely in terms of the cohomology classes of the
twisting forms. To describe more precisely in what sense this is true, fix any
pair (θ, ω) as before, such that ([θ], [ω]) ∈ H1,1(X,R)× CX , and consider the
two dimensional subset of H1,1(X,R) that is linearly spanned by [θ] and [ω].
Decompose this subset into two components
Span([θ], [ω]) = Span([θ], [ω])+ ∪ Span([θ], [ω])−,
where
Span([θ], [ω])+ := {a[θ] + b[ω], a ≥ 0, b ∈ R}
and
Span([θ], [ω])− := {a[θ] + b[ω], a ≤ 0, b ∈ R}.
We then make the following key observation:
Lemma 15. Suppose that β0 and β1 are smooth closed (1, 1)-forms on X
such that either ([β0], [β1]) ∈ Span([θ], [ω])+ × Span([θ], [ω])+ or ([β0], [β1]) ∈
Span([θ], [ω])− × Span([θ], [ω])−. Then
(10) Γpp(1−t)β0+tβ1(ω) = (1− t)Γ
pp
β0
(ω) + tΓppβ1 (ω),
for each t ∈ [0, 1].
Proof. Suppose first that ([β0], [β1]) ∈ Span([θ], [ω])+ × Span([θ], [ω])+. By
Proposition 13 we may without loss of generality assume that
β0 = λ0θ + λ
′
0ω
β1 = λ1θ + λ
′
1ω
for some λ0, λ1, λ
′
0, λ
′
1 ∈ R, with λ0, λ1 ≥ 0. As a consequence
βt := (1− t)β0 + tβ1 = λtθ + λ′tω,
where
λt := (1− t)λ0 + tλ1 , λ′t := (1− t)λ′0 + tλ′1,
and since λ0, λ1 ≥ 0 we also have λt ≥ 0 for each t ∈ [0, 1]. By Lemma 14 we
moreover have
Eβtω (ϕ) = E
λtθ+λ′tω
ω (ϕ) = λtE
θ
ω(ϕ) + λ
′
t(I− J)(ϕ)
for each ϕ ∈ PSH(X,ω) ∩ L∞(X). In case λt = 0 it is easy to see that
Γ[βt]([ω]) = λ
′
t, which is linear in t. If we assume instead that λt > 0 then
clearly
λtE
θ
ω(ϕ) + λ
′
t(I− J)(ϕ) ≥ δ(I− J)(ϕ) − C
if and only if
Eθω(ϕ) ≥
(δ − λ′t)
λt
(I− J)(ϕ) − C.
This in turn implies that
Γppβt (ω) = λtΓ
pp
θ (ω) + λ
′
t = λtΓ
pp
θ (ω) + λ
′
tΓ
pp
ω (ω),
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where in the last step we have used that Γpp[ω](ω) = 1 (see Lemma 14). Since
the obtained expression is clearly linear in t it must follow that
Γpp(1−t)β0+tβ1(ω) = (1− t)Γ
pp
β0
(ω) + tΓppβ1 (ω),
since two linear functions whose values coincide at two points are equal ev-
erywhere. This concludes the first part of the proof.
Finally, in case ([β0], [β1]) ∈ Span([θ], [ω])− × Span([θ], [ω])− it suffices to
apply the same exact argument but replacing θ everywhere with θ∗ := −θ.
Indeed, then ([β0], [β1]) ∈ Span([θ∗], [ω])+ × Span([θ∗], [ω])+ and we show as
before that the left hand side of (10) is linear for t ∈ [0, 1]. But the left hand
side of (10) coincides with the expression on the right hand side for t = 0 and
t = 1. Hence equality must hold for all t ∈ [0, 1], finishing the proof. 
If we view the threshold function Γpp as defined on cohomology classes (in
the sense of Remark 3) it is thus linear in the twisting form on each of the
components Span([θ], [ω])+ and Span([θ], [ω])−, and takes the value 1 when
[θ] = [ω], i.e. on the intersection of the positive and negative chambers. We
may further note that the stability threshold is continuous but not differen-
tiable at that point. This completes the picture when varying the twisting
form θ while keeping the underlying Ka¨hler form ω fixed. The behaviour
of the stability threshold functions as we vary ω is more complicated. This
question is treated below, first in the case of surfaces, and then in higher
dimension.
3.2. Proof of main results for surfaces. Following the above descrip-
tion of the threshold function Γppθ (ω) when varying the twisting class [θ] (see
Remark 3) we can find an explicit formula for the above function in many
situations of interest. In the case of compact Ka¨hler surfaces this builds on
the well-known criterion of [16] (see also [44, Theorem 1.1]). It states that
there is a solution ωϕ ∈ [ω] to the equation
(11) 2θ ∧ ωϕ = Cθ,ωω2ϕ
if and only if the difference of Ka¨hler classes
(12) Cθ,ω[ω]− [θ] > 0,
where the cohomological constant
Cθ,ω := 2
[θ] · [ω]
[ω]2
,
see [16]. We will sometimes refer to the above as the Jθ,ω-equation, making
reference to the underlying Ka¨hler forms.
Using the above criterion it is possible to understand more precisely for
which pairs of Ka¨hler forms (θ, ω) the above equation is solvable, by working
entirely on the level of cohomology classes (this should be compared with a
computation in [29]). For example, fix the auxiliary Ka¨hler form θ on X, and
assume that a ∈ ∂CX is a nef but not Ka¨hler cohomology class. Let ωt be
any Ka¨hler form on X such that
[ωt] := (1− t)a+ t[θ], t ∈ (0, 1].
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This defines a line segment of cohomology classes in the Ka¨hler cone (and we
caution the reader that we do not specify anything about representatives of
a here, we only work with the element a ∈ H1,1(X,R)). It is then clear that
(12) holds for the pair (θ, ωt) precisely if
(13) Cθ,ωt − inf{δ ∈ R | [θ]− δ[ωt] ≤ 0} > 0
We first note the following:
Lemma 16. Let θ be a Ka¨hler form on X and fix a ∈ CX a Ka¨hler class. For
t ∈ (0, 1], let ωt be Ka¨hler forms such that [ωt] := (1− t)a+ t[θ], and write
σ([θ], [ωt]) := inf{δ ∈ R | [θ]− δ[ωt] ≤ 0}
T ([θ], [ωt]) := sup{δ ∈ R | [θ]− δ[ωt] ≥ 0}.
Then we have the formula
σ([θ], [ωt]) =
1
T ([ωt], [θ]) =
1
(1− t)T (a, [θ]) + t
and if a ∈ C¯X is a nef but not Ka¨hler cohomology class, then
σ([θ], [ωt]) =
1
t
.
Proof. To streamline notation, let us write β := [θ] and γt := [ωt]. It is then
straightforward to note that
σ(β, γt) := inf{δ > 0 : β − δγt ≤ 0} = 1
sup{δ > 0 : γt − δβ ≥ 0}
=
1
T (γt, β) .
Moreover
γt − δβ = (1− t)a− (δ − t)β ≥ 0
if and only if
a ≥ δ − t
1− tβ ≥ 0,
using that t ∈ (0, 1] by hypothesis. In other words, the quantity T (γt, β) is
linear, namely
T (γt, β) = (1− t)T (a, β) + t,
for t ∈ [0, 1). Finally, if a ∈ ∂CX , then T (a, β) = 0. 
Combining the above Lemma 16 with (13), it follows that the condition (12)
is satisfied for (θ, ωt) if and only if
(14) R(t) := 2
[θ] · [ωt]
[ωt]2
− 1
t
=
([θ]2 − a2)t2 + 2a2t− a2
t[ωt]2
> 0,
so R(t) > 0 is equivalent to solvability of the Jθ,ω-equation, by [16]. We may
immediately note that as long as a2 = 0, then R(t) > 0 for all t ∈ (0, 1]
and so the Jθ,ωt-equation admits a solution for all pairs (θ, ωt) as above. In
particular, if X is a compact Ka¨hler surface such that the big cone equals
the Ka¨hler cone, then a2 = 0 for all boundary classes, and hence for every
pair of Ka¨hler classes (θ, ω) on X there is a solution to the Jθ,ω-equation. As
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a special case of interest, if [θ] = −c1(X) > 0 it follows from the above and
Proposition 13 that X admits a cscK metric in every Ka¨hler class [ω] ∈ CX
(this should be compared with [11, Corollary 1.7] building on Donaldson’s
observation [29]).
On the other hand, if a2 > 0, then it is easy to see that R(t) < 0 as [ωt]
approaches the boundary, i.e. for t > 0 small enough. For instance, if we
normalize a ∈ ∂CX such that [θ]2 = a2, then R(t) < 0 precisely for t < 1/2.
Theorem 17. Suppose that X is a compact Ka¨hler surface with discrete
automorphism group.
• If BigX = CX , then equation (8) admits a solution for every pair
(θ, ω) of Ka¨hler forms on X.
• If BigX 6= CX , then for every pair (θ, ω) of Ka¨hler forms on X, either
– The J-equation (8) admits a solution, or
– The stability threshold satisfies
(15) Γppθ (ω) = 2
[θ] · [ω]
[ω]2
− inf{δ > 0 : [θ]− δ[ω] < 0}.
Proof. Fix Ka¨hler forms θ and ω on X. Consider the path θt := (1− t)θ+ tω
where t ∈ [0, 1], and introduce the following shorthand notation
P (t) := 2
[θt] · [ω]
[ω]2
, Q(t) := σ([θt], [ω]), R(t) := Γ
pp
θt
(ω).
It is immediate to check that P (t) and Q(t) are linear, and it follows from
Lemma 14 that so is R(t) (having restricted here to t ∈ [0, 1], in general we
only get piecewise linearity). In order to show equality of the lhs and rhs it
is thus enough to show that the linear functions L(t) := P (t)−Q(t) and R(t)
agree for t = 1 and for a point t < 1. First of all, it is immediate to check
that L(1) = R(1) = 1. Assuming that L(t) ≤ 0 for some t ∈ [0, 1), there
must in particular exist t0 ∈ [0, 1) for which L(t0) = 0, by continuity. Since
L(t) and R(t) are both continuous functions in t ∈ (0, 1] (see Lemma 15), and
moreover R(t) > 0 if and only if L(t) > 0 (by the existence criterion (13)), it
follows that also R(t0) = 0. Hence L(t) and R(t) are both linear and coincide
at two points, so R(t) = L(t) for all t ∈ [0, 1]. Finally, the first part is an
immediate consequence of (14). 
Remark 4. The above proof works for any [ω] ∈ CX such that equation (8)
can not be solved for all pairs ([θ], [ω]) ∈ CX × CX . One way to characterize
this is that the formula holds (at least) whenever
Γppθ (ω) < T ([θ], [ω]) := sup{δ ∈ R | [θ]− δ[ω] > 0}.
If we are not in this case then we already know about existence of cscK metrics
as well as convergence of the J-flow, so this is not a serious restriction. On the
other hand, this adds to the information of Chen’s criterion [16] in a significant
way, since being able to measure precisely ’how negative’ the threshold value
in the unstable cases is important for applications to the constant scalar
curvature equation.
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Theorem 18. (cf. Theorem 2) Suppose that (X,ω) is a compact Ka¨hler
surface with discrete automorphism group. If θ is a smooth closed (1, 1)-form
on X such that Γppθ (ω) < T ([θ], [ω]), then the stability threshold satisfies
Γppθ (ω) = 2
[θ] · [ω]
[ω]2
− inf{δ > 0 : [θ]− δ[ω] < 0}.
Proof. The proof is essentially the same as that of Theorem 17. Indeed,
suppose that Γppθ (ω) < T ([θ], [ω]). It then follows from Lemma 14 that there
exists t0 ∈ [0, 1) such that R(t0) = L(t0) (using the notation of the proof of
Theorem 17). The argument then concludes by noting that R(1) = L(1) and
invoking the piecewise linearity (Proposition 15) as before. 
For clarity we also write down explicitly a particular case relevant for com-
parisons with the constant scalar curvature equation on surfaces with ample
canonical bundle:
Corollary 19. Suppose that X is a compact Ka¨hler surface with c1(X) < 0.
If X does not admit any solution ωϕ ∈ [ω] to the J-equation
−nRic(ω) ∧ ωϕ = cω2ϕ,
then
Γpp−Ric(ω)(ω) = −2
c1(X) · [ω]
[ω]2
− inf{δ > 0 : −c1(X)− δ[ω] < 0}.
As a direct consequence of Lemma 16 and Theorem 17 we moreover note that
in many cases the stability threshold tends to minus infinity as we approach
the boundary of the Ka¨hler cone:
Corollary 20. Let X be a compact Ka¨hler surface. Suppose that θ is a
smooth closed (1, 1)-form on X, and suppose that a ∈ ∂CX with a2 > 0. Let
ωt be any Ka¨hler forms on X such that [ωt] := (1− t)a+ t[θ], t ∈ [0, 1]. Then
there is a uniform constant C > 0 such that
Γppθ (ωt) ≤ C − t−1
for all t ∈ (0, 1).
This is elaborated on in the examples of Section 4.3.
3.3. A formula in higher dimension for manifolds satisfying the
Lejmi-Sze´kelyhidi conjecture. In this section we discuss natural gener-
alizations of Theorem 2 to higher dimensions, and provide such a result for
manifolds satisfying a conjecture of Lejmi-Sze´kelyhidi (see [35, Conjecture
1]). In order to state it, recall that
Cθ,ω := n
∫
X
θ ∧ ωn−1∫
X
ωn
.
The Lejmi-Sze´kelyhidi conjecture then states the following:
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Conjecture 21. [18, 35] Suppose that (X,ω) is a compact Ka¨hler manifold
with θ an auxiliary Ka¨hler form on X. Then there exists a solution ωϕ ∈ [ω]
to the equation (8) if and only if
Cθ,ω
∫
V
ωp > p
∫
V
ωp−1 ∧ θ > 0
for every subvariety V ⊂ X of dimension p ≤ n− 1.
The above conjecture was proven for toric manifolds by T. Collins and G.
Sze´kelyhidi [18], but is expected to hold for all compact Ka¨hler manifolds
(in fact, a proof of a uniform version of this conjecture was published by G.
Chen [9] while this paper was already in preparation). In the surface case, the
above reduces to a special case of Chen’s theorem [16] (see also [44, Theorem
1.1]). That can be seen from the Nakai-Moishezon criterion.
Deducing a generalized formula for stability thresholds in higher dimension
essentially follows the same idea as in the surface case, exploiting the piecewise
linearity in the twisting argument. Indeed, the abstract principle is to find
an expression which is linear in the above mentioned argument, which takes
the value 1 when [θ] = [ω], and which is strictly positive precisely when the
corresponding Jθ,ω-equation (8) can be solved. In order to state the main
result of this section we first need the following lemma:
Lemma 22. For any compact Ka¨hler manifold X the quantity
inf
V
Cθ,ω
∫
V
ωp − p ∫
V
ωp−1 ∧ θ
(n− p) ∫
V
ωp
is finite, where the infimum is taken over all subvarieties V ⊂ X of dimension
p ≤ n− 1.
Proof. Introduce the shorthand notation
LV ([θ], [ω]) :=
Cθ,ω
∫
V
ωp − p ∫
V
ωp−1 ∧ θ
(n− p) ∫
V
ωp
,
and observe that for any [ω] ∈ CX , and any subvariety V ⊂ X, we have
LV ([ω], [ω]) = 1. For any fixed V ⊂ X and any pair (θ, ω) of Ka¨hler forms
on X, let θs := (1 − s)ω + sθ, with s ∈ [0, 1]. Then clearly the function
s 7→ LV ([θs], [ω]) is linear. Moreover, as in Proposition 12 there is a uniform
constant C > 0 such that
|Eθω(ϕ)| ≤ CEωω(ϕ)− C.
It follows from this that Eθsω is proper for s ∈ [0, 1] small enough, and hence
there must exist a constant C ′θ > 0 such that LV ([θs], [ω]) > 0 for all V ⊂ X
and all s < C ′θ. But then
LV ([θ], [ω]) ≥ −C ′θ
for all smooth (1, 1)-forms on X and all V ⊂ X by linearity (Lemma 15).
In particular it follows that infV LV ([θ], [ω]) is finite whenever ([θ], [ω]) ∈
H1,1(X,R) × CX . 
The precise formulation of our main result in higher dimension n ≥ 2 is then
as follows:
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Theorem 23. Suppose that (X,ω) is a compact Ka¨hler manifold and assume
that the Lejmi-Sze´kelyhidi conjecture holds for X (e.g. X toric). Let θ be a
smooth closed (1, 1)-form on X such that Γppθ (ω) < T ([θ], [ω]). Then we have
the formula
Γppθ (ω) = inf
V
Cθ,ω
∫
V
ωp − p ∫
V
ωp−1 ∧ θ
(n− p) ∫
V
ωp
,
where the infimum is taken over all subvarieties V ⊂ X of dimension p ≤
n− 1.
In particular, it should be noted that the right hand side is in fact a finite
real number, see Lemma 22.
Remark 5. In a recent work [9] which was made available when this note was
already in preparation, G. Chen showed a uniform version of Conjecture 21.
Following their result, the above Theorem 23 can be seen to hold for all com-
pact Ka¨hler manifolds with discrete automorphism group, without further
restrictions. The proof is the same. On the other hand, it should be noted
that the assumption that the non-uniform statement in the Lejmi-Sze´keleyhidi
conjecture holds is necessary for Theorem 24 below. This hypothesis is some-
times implied by the result of G. Chen [9], in particular whenever it is enough
to test for a finite number of subvarieties.
Proof of Theorem 23. The proof is very similar to that of Theorem 17. Con-
sider the path θs := (1−s)θ+sω, where s ∈ [0, 1]. As before it is immediate to
check that for each subvariety V ⊂ X of dimension p ≤ n− 1, the quantities
PV (s) :=
Cθs,ω
∫
V
ωp − p ∫
V
ωp−1 ∧ θs
(n− p) ∫
V
ωp
, Q(s) := Γppθs (ω)
are linear for s ∈ [0, 1] (for Q(s) we use Lemma 15 as before). Moreover, we
can see that
L(s) := inf
V
PV (s)
is also linear for s ∈ [0, 1] (albeit only piecewise linear when we allow s > 1),
noting that this holds even if we take the infimum over an infinite number of
subvarieties, since we have linearity and PV (1) = 1 for all V . With the given
normalization PV (1) = 1 for every V ⊂ X it also follows that L(1) = Q(1) =
1. Finally, by hypothesis [ω] ∈ CX admits no solution to the J-equation, so
by Theorem 11 (see [18, Proposition 21 and 22]) we have Γppθ (ω) ≤ 0, so
Q(s0) = 0 for some s0 ∈ [0, 1). Moreover, whenever Conjecture 21 holds, also
L(s0) = 0 must hold. Hence L(s) and R(s) are both linear and coincide at
two points, so R(s) = L(s) for all s ∈ [0, 1]. This completes the proof. 
So far this gives an exact formula for the stability threshold, but compared
to the case of surfaces (where there is a single cohomological condition that
is easily computed) it is considerably less explicit. Also in the toric case X
it suffices to test for the (finite number of) toric subvarieties. In general,
however, it is helpful to know that the infimum above is in fact achieved,
bringing us closer to actually applying the formula for the optimal lower
bound in practice:
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Theorem 24. Under the same assumptions, the infimum in Theorem 23 is
achieved by a subvariety Vmin ⊂ X, i.e.
Γppθ (ω) =
Cθ,ω
∫
Vmin
ωp − p ∫
Vmin
ωp−1 ∧ θ
(n− p) ∫
Vmin
ωp
.
Proof. Using the same notation as in the proof of Theorem 23, let θs := (1−
s)θ + sω. By the hypothesis Γppθ (ω) < T ([θ], [ω]) it follows that Γppθs0 (ω) = 0
for some s0 < 1. Note moreover that if Conjecture 21 holds for X, then
Γppθs0
(ω) = 0 if and only if
Cθs0 ,ω
∫
Vs0
ωp − p
∫
Vs0
ωp−1 ∧ θs0 = 0
for some subvariety Vs0 ⊂ X, so the infimum is achieved for s = s0. By
piecewise linearity in the twisting form (Lemma 15), it however follows that
the infimum is realized also for all s < 1, in particular for Γppθ (ω). Setting
Vmin := Vs0 finishes the proof. 
It is interesting to study further the minimizing subvariety Vmin ⊂ X above.
Although not much is currently known about how to characterize such mini-
mizing subvarieties, it follows immediately from our techniques that if Vθ,ω is
a subvariety that realizes the infimum for the pair (θ, ω), then it depends only
on the cohomology classes [θ] and [ω] (by Remark 3) and the same subvariety
realizes the infimum as we vary [θ], but keep [ω] fixed, in the following sense
(see Section 3.2 for the definition of Span([θ], [ω])+):
Theorem 25. Suppose that Vmin ⊂ X is a minimizing subvariety for the pair
([θ], [ω]) ∈ H1,1(X,R)× CX , i.e.
Γppθ (ω) =
Cθ,ω
∫
Vmin
ωp − p ∫
Vmin
ωp−1 ∧ θ
(n− p) ∫
Vmin
ωp
.
Assume moreover that [θ] 6= [ω]. Then the same subvariety Vmin achieves the
infimum for all pairs ([θ′], [ω]) with [θ′] ∈ Span([θ], [ω])+ := {a[θ] + b[ω] :
a ≥ 0, b ∈ R}.
Proof. This is an immediate consequence of Proposition 13 and linearity of
Γppθ (ω) as we vary [θ] in Span([θ], [ω])
+, see Lemma 15. 
Remark 6. The existence of optimal degenerations is a question of interest
in particular in connection with the Yau-Tian-Donaldson conjecture for con-
stant scalar curvature Ka¨hler metrics (see e.g. [28, 13, 14, 15, 47, 24]). In
particular, the above result may be compared with a recent result on exis-
tence of minimizing geodesic rays for J-semistable and J-unstable classes in
[49].
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4. Applications part I: The J-equation and Calabi Dream
Manifolds
In this section we continue the discussion in Section 3.2 and give first applica-
tions and consequences of the explicit formula in Theorem 18. In particular,
we give a more detailed and completely explicit criterion for determining the
Ka¨hler classes on an arbitrary compact Ka¨hler surface that admits a solution
to the J-equation. We furthermore discuss applications to Calabi dream man-
ifolds and show that the stability threshold typically tends to minus infinity
as the underlying Ka¨hler class approaches the boundary of the Ka¨hler cone,
but nonetheless the entropy compensates and the constant scalar curvature
equation can sometimes be solved. We also show that the purely cohomolog-
ical formula in Theorem 1 holds also for the natural definition of algebraic
stability threshold corresponding to uniform J-stable. From this we then de-
duce continuity, and openness of (uniform) J-stability, as well as existence of
an optimal ’minimizing’ test configuration for uniform J-stability on surfaces.
Note that the list of applications is by no means intended to be exhaustive.
4.1. Explicit characterization of J-stable classes and applications to
Calabi dream manifolds. Continuing the discussion in Section 3.2, we are
interested in characterizing all compact Ka¨hler manifolds for which the J-
equation can always be solved (this can be thought of as an analogy to the
so called ’Calabi dream manifolds’ notion for the constant scalar curvature
problem, see [11]). We first introduce some terminology:
Definition 2. Let X be a compact Ka¨hler manifold such that for every pair
([θ], [ω]) ∈ CX × CX , and every choice of Ka¨hler forms θ ∈ [θ] and ω ∈ [ω],
the Jθ,ω-equation
(16) nθ ∧ ωn−1ϕ = Cθ,ωωnϕ
admits a solution ωϕ ∈ [ω]. Then X is said to be perfect.
It is clear that being perfect is a purely cohomological property, due to [18,
Theorem 1]. As a first example, it was observed by Donaldson [29] that
any compact Ka¨hler surface with −c1(X) > 0 and no curves of negative self-
intersection are perfect. The condition on negative curves in particular means
that the cone BigX of big (1, 1)-cohomology classes on X coincides with the
Ka¨hler cone. Along the lines of the argument outlined in Section 3.2, we now
point out that these are the only possible examples:
Proposition 26. A compact Ka¨hler surface with discrete automorphism group
is perfect if and only if it admits no curves of negative self-intersection.
Proof. The statement that a compact Ka¨hler surface X admits no curves
of negative self-intersection is equivalent to BigX = CX . This is in turn
equivalent to every nef but not Ka¨hler class a ∈ ∂CX having zero volume
a2 = 0. In other words, it follows from the discussion in Section 3.2 that
equation (8) is solvable for every pair ([θ], [ω]) ∈ CX × CX if and only if X
admits no curves of negative self-intersection. 
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Making the connection with the (twisted) constant scalar curvature problem,
we note that perfect surfaces are always Calabi dream surfaces, by properness
of the entropy functional (see [45, 11]). When X is a compact Ka¨hler surface
such that the Ka¨hler cone is strictly contained in the big cone, we moreover
characterize completely (in terms of their associated cohomology classes) the
pairs of Ka¨hler forms on X for which the J-equation is solvable:
Theorem 27. Let X be a compact Ka¨hler surface with discrete automorphism
group. Suppose that η is a smooth closed (1, 1)-form on X such that either
[η] ∈ CX or [η] = 0, and assume that −c1(X) + [η] ≥ 0.
(1) If BigX = CX , then the Jθ,ω-equation admits a solution for every
pair of Ka¨hler forms (θ, ω) on X, and there exists an η-twisted cscK
metric in every Ka¨hler class on X.
(2) If BigX 6= CX , let θ be a fixed Ka¨hler form on X, and suppose that
a ∈ ∂CX is a nef but not Ka¨hler class which is normalized such that
a2 = [θ]2. Let ωt be any Ka¨hler forms on X such that [ωt] := (1 −
t)a+ t[θ] for t ∈ (0, 1]. Then the Jθ,ω-equation (1) admits a solution
precisely if [ω] belongs to the subcone
Iθ = {λ[ωt] : λ > 0, t ∈ (1/2, 1]}.
Remark 7. The connection to twisted constant scalar curvature metrics in
(1) uses [11, Theorem 6.1]. The statement moreover addresses a discussion
on Calabi dream surfaces in [11]. In particular, taking [η] = 0, this extends
[11, Corollary 1.7] to the case when −c1(X) is nef.
Proof of Theorem 27. We write the proof using the cohomological shorthand
notation introduced in Remark 3 and Notation 1: First note that Proposition
26 gives the first part of (1). For the remaining part, let ω be any Ka¨hler
form on X, and let ρ := −c1(X) + [η]. By hypothesis we have ρ ≥ 0, so
ρǫ := −c1(X) + [η] + ǫ[ω] > 0 for every ǫ > 0. Moreover, since BigX = CX it
follows by Proposition 26 and Lemma 14 that
Γppρ ([ω]) + ǫ = Γ
pp
ρǫ ([ω]) > 0
for every ǫ > 0. Hence Γppρ ([ω]) ≥ 0 follows. Due to [11, Theorem 6.1] and
properness of the entropy functional Hω (see [45]) this implies that the Ka¨hler
class [ω] ∈ CX admits an η-twisted cscK metric. Since [ω] ∈ CX was arbitrary,
this proves (1).
To prove the second part, suppose that [θ] ∈ CX , a ∈ ∂CX and the volume
is normalized such that [θ]2 = a2. It was then noted in Section 3.2 that
γt := (1 − t)a + t[θ], t ∈ (0, 1] admits a solution to the Jθ,ωt-equation (for
all Ka¨hler forms θ ∈ [θ] and ωt ∈ γt) precisely when 1/2 < t ≤ 1. Since
solvability is independent of rescaling by a positive constant, it follows that
{λγt : λ > 0, 1/2 < t ≤ 1} ⊆ Iθ. On the other hand, if γ ∈ CX is an arbitrary
Ka¨hler class, consider the rescaled class γ˜ :=
√
a2/γ2γ and apply the same
argument as above. This finishes the proof. 
Recall moreover that it is shown in [11] that if X is a compact Ka¨hler surface
with no curves of negative self-intersection, then X is a Calabi dream surface.
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If we take [η] = 0 in Theorem 27 then this can in particular be seen as an
extension of the above result to the situation when −c1(X) is merely nef:
Corollary 28. Suppose that X is a compact Ka¨hler surface with discrete
automorphism group, which satisfies −c1(X) ≥ 0 and BigX = CX . Then it is
a Calabi dream surface.
This is interesting input to a question of X.X. Chen and J. Cheng [11] on
’how far the class of Calabi dream surfaces is from the set of minimal surfaces
of general type’, since indeed we show that there exist Calabi dream surfaces
other than those with −c1(X) > 0 and no curves of negative self-intersection
(i.e. the ones pointed out in [11]). To obtain concrete examples of Calabi
dream manifolds, see e.g. the discussion in [11, Section 2].
Finally, with applications to properness of the Mabuchi K-energy functional
in mind, we consider the case when c1(X) is not assumed to have a sign. We
then note that, regardless of the sign (or lack of sign) of c1(X), only surfaces
with BigX = CX can be perfect. To make sense of this statement, recall from
the discussion in Section 3 (see in particular Proposition 13) that we may
naturally extend
Γpp : CX × CX → R
to a functional
Γpp : H1,1(X,R) × CX → R, ([θ], [ω]) 7→ Γppθ (ω),
i.e. where we allow the twisting form θ to be any smooth closed (1, 1)-form
on X (note however that we only consider the connection between properness
and solvability of the corresponding equations in case the twisting form is
Ka¨hler, [18, 11]). We then have the following:
Corollary 29. Let X be a compact Ka¨hler surface with discrete automor-
phism group, and fix any smooth closed (1, 1)-form ρ on X. Suppose that the
functional Eρω : H → R is coercive for every Ka¨hler form ω on X. Then X
admits no curve of negative self-intersection.
Proof. Suppose that X does admit a curve of negative self-intersection. It
then suffices to show that Eρω is not coercive for some suitable choice of Ka¨hler
form ω on X. To see this, first note that if −c1(X) > 0, then this follows
from the second part of Theorem 27. If c1(X) > 0 then noting that
Γpp−c1(X)(c1(X)) = −1 < 0
is enough to conclude (interpreting the above notation in the sense of Remark
3 and Notation 1). In case c1(X) = 0 the conclusion is immediate. Finally,
it remains to treat the case when the canonical class does not have a sign.
Exploiting the cohomological interpretation of stability thresholds (see Re-
mark 3 and Notation 1), fix a cohomology class a ∈ ∂CX which is nef but not
Ka¨hler. Let θ be a Ka¨hler form on X and fix any Ka¨hler forms ωt on X such
that
[ωt] := (1− t)a+ t[θ]
for t ∈ (0, 1]. Then by Section 3.2 the threshold value
Γppθ (ωt) ≤ C − t−1
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where C > 0 is a uniform constant. We may moreover assume that a ∈ ∂CX
is chosen so that there is a constant λ > 0, for which −c1(X) + λ[ωt] > 0 for
all the associated Ka¨hler classes [ωt] and all t ∈ (0, 1). Putting this together
and using Lemma 14 it follows that
Γpp−c1(X)([ωt]) = Γ
pp
−c1(X)+λ[ωt]
([ωt])− λ < 0
for t > 0 small enough. 
It is worth emphasizing that if we take [ρ] = −c1(X) ∈ H1,1(X,R) (e.g.
ρ := −Ric(ω)), then the exact same proof yields the following:
Corollary 30. Let X be a compact Ka¨hler surface with discrete automor-
phism group. If the pluripotential part E
−Ric(ω)
ω of the Mabuchi K-energy
functional is coercive for every Ka¨hler form ω on X, then X admits no curve
of negative self-intersection.
One of the key features to highlight is that even though the threshold associ-
ated with the pluripotential term of the K-energy functional tends to minus
infinity as we approach the boundary, this may be compensated for by the
entropy part (which is always proper [45]). At the moment we can only note
that, if the entropy term satisfies
Hω(ϕ) ≥ δ(Iω − Jω)(ϕ) − C,
and
Γpp
−Ric(ω)
(ω) > −δ,
then (X,ω) admits a cscK metric. Clarifying the interaction of the entropy
and pluripotential/energy terms seems to be an important question in order
to apply the results of this paper to the cscK problem.
The above strategy can however already be combined with the explicit
formula of Theorem 2 to give a criterion for existence of constant scalar
curvature Ka¨hler metrics using Tian’s alpha invariant (see [45]) for (X,ω),
which is given by
αX([ω]) := sup{α > 0 : ∃C > 0,
∫
X
e−α(ϕ−supϕ)ωn ≤ C, ∀ϕ ∈ H(X,ω)}.
The following consequence of our main results add to the active research in
this direction (see e.g. [31, 36, 25], as well as [11, Corollary 1.5] and references
therein):
Corollary 31. Let (X,ω) be a compact Ka¨hler surface with discrete auto-
morphism group. Then X admits a constant scalar curvature Ka¨hler metric
in [ω] if the numerical condition
(17) min
(
−2c1(X) · [ω]
[ω]2
− σ(−c1(X), [ω]),T (−c1(X), [ω])
)
> −3
2
αX([ω])
is satisfied, where
σ(−c1(X), [ω]) := inf{δ : −c1(X) − δ[ω] ≤ 0}
and T (−c1(X), [ω]) is defined in Lemma 16.
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Proof. Since we are working on a compact Ka¨hler surface it follows from [44,
Lemma 4.1] that there exists a constant C > 0 such that the entropy Hω
satisfies the inequality
Hω(ϕ) ≥ 3
2
αX([ω])(Iω − Jω)(ϕ)− C
for all ϕ ∈ H. As an immediate consequence of the Chen-Tian formula [16]
it moreover follows that [ω] admits a constant scalar curvature Ka¨hler metric
whenever
Γpp−Ric(ω)(ω) +
3
2
αX([ω]) > 0.
Now note that if Γpp−Ric(ω)(ω) ≥ T (−c1(X), [ω]), then the desired conclusion
holds, despite the fact that Theorem 2 does not apply. On the other hand,
if Γpp−Ric(ω)(ω) < T (−c1(X), [ω]), then by Theorem 2 the conclusion follows
immediately from the above. 
We need to consider the minimum in (17) because of the eventuality that
c1(X) is not negative. Indeed, the sufficient condition for existence in Corol-
lary 31 should be compared to other properness criteria using the alpha invari-
ant, see for instance [31, 36, 25], as well as [11, Corollary 1.5] and references
therein. The main improvement is expected to happen when X is Fano or
c1(X) has no sign. Higher dimensional analogues may also be obtained, using
Theorem 23.
4.2. Remarks on the higher dimensional case. We finally discuss the
possibilities of finding examples also of higher dimensional manifolds that
are perfect (Definition 2), i.e. admit solutions to the Jθ,ω-equation for every
pair of Ka¨hler forms (θ, ω) on X. Following the Lejmi-Sze´kelyhidi conjecture
(Conjecture 21) there are more conditions, compared to the surface case,
that potentially obstruct such a property from being true. The next result
shows that there are indeed serious restrictions on higher dimensional perfect
manifolds:
Proposition 32. Suppose that X is a perfect manifold (Definition 2) for
which the Lejmi-Sze´kelyhidi conjecture holds. Then every 2-dimensional sub-
variety V ⊂ X is also perfect, i.e. satisfies BigV = CV .
Proof. Suppose that V ⊂ X is a submanifold of X of dimension p = 2,
and assume that it is not perfect. Then by Proposition 26 it follows that
BigV = CV , and moreover we have a complete description of what Ka¨hler
classes admit a solution to the J-equation (8), by Theorem 27. In particular,
it follows that we can find a Ka¨hler form coming from X, i.e. χV := ω|V
for some Ka¨hler form ω on X, for which we cannot find a solution to the
Jθ,ω-equation for all smooth closed (1, 1)-forms θ on X. In fact, by the Lejmi-
Sze´kelyhidi conjecture and Theorem 23 combined with the above, there is
then a subvariety W ⊂ V of dimension 0 ≤ dimV ≤ dimV − 1 such that
Cθ,ω
∫
W
ωp − p
∫
W
ωp−1 ∧ θ ≤ 0.
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But since W ⊂ V is also a subvariety of X, Theorem 23 implies that we
cannot find a solution to the J-equation in [ω] ∈ CX either. Hence X is not
perfect. Taking the contrapositive, we see that if X is perfect, then every
2-dimensional subvariety V ⊂ X is perfect. 
4.3. Example I: Computation of the optimal constant for products
of smooth curves. In order to give an explicit example we revisit J. Ross’
computations for products of smooth irreducible projective curves X = C×C
of genus g ≥ 2, see [40]. In order to recall the setup, let for i = 1, 2, πi be the
projection onto the ith factor, and let fi be the class of π
−1(p) in N1(X)Q
(this is independent of the point p ∈ X chosen). Let moreover δ be the class
of the diagonal ∆ ⊂ C × C. As described in [34] the canonical bundle of X
can then be written K = (2g− 2)(f1+ f2), and it is ample. In his paper Ross
considers the Q-divisor
Lt := tf − δ′,
where f := f1 + f2 and δ
′ := δ − f . They point out that Lt is ample for all
large enough t > 0, and write
sC := inf{t : Lt ample}.
In [40, Theorem 3.3] it is shown that if C admits a branched cover π : C → P1
of degree d with 2 ≤ d− 1 ≤ √g (such curves exist if g ≥ 5, as shown in [40,
Theorem 4.4]), then X = C×C is not slope semistable with respect to Lt for
t > sC sufficiently close to sC . In particular, as t→ sC the stability threshold
Γ(c1(Lt)) corresponding to the Mabuchi K-energy becomes negative.
It is interesting to note how the corresponding pluripotential stability
threshold ΓppK (c1(Lt)) behaves as t→ sC (here the notation should be inter-
preted as in Remark 3 and Notation 1). To study this we explicitly compute
the optimal properness constant using Theorem 2. To do this, we first need
to compute the infimum of all δ > 0 such that K − δLt < 0, or equivalently
such that δLt −K is ample. We have
δLt −K = δLt − (2g − 2)f = δ
[
(t− 2g − 2
δ
)f − δ′
]
and by definition this is ample if and only if
t− 2g − 2
δ
> sC
i.e. precisely when
δ <
2g − 2
t− sC .
In other words, we have
inf{δ > 0 | K − δLt < 0} = 2g − 2
t− sC .
Moreover it follows from [34, 40] that K ·Lt = 2t(2g− 2) and L2t = 2(t2− g).
Hence by Theorem 2 the formula for the optimal threshold constant is
ΓppK (Lt) =
2t(2g − 2)
t2 − g −
2g − 2
t− sC .
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It is immediately clear from this that if sC >
√
g, then the above threshold
tends to minus infinity as t → sC . In the slope unstable examples of J.
Ross he chose C that admits a branched cover π : C → P1 of degree d with
2 ≤ d − 1 ≤ √g. As shown in [33] then sC = gd−1 and we may explicitly
compute that
ΓppK (Lt) =
2t(2g − 2)
t2 − g −
(d− 1)(2g − 2)
(d− 1)t− g
which tends to minus infinity as t→ sC .
If instead sC =
√
g, then we compute
ΓppK (Lt) = (2g − 2)
1
t+
√
g
→ g − 1√
g
,
as t→ sC . For example if g = 4 then we get ΓppK (Lt) = 6t+2 , which is always
positive, and increasing as t → 2 = √g. By inspecting the sign of the above
expression we can recover a simple proof of [40, Lemma 4.3].
The observation that the above threshold tends to minus infinity close to
the boundary whenever sC =
g
d−1 is consistent with Theorem 27 and the fact
that in this situation X admits a curve Z of negative self-intersection (see
[40, Lemma 3.1]).
4.4. Example II: Blowups of Calabi dream manifolds. We here use
the cohomological notation in the sense of Remark 3 and Notation 1: Let
X be any Calabi dream manifold with discrete automorphism group (many
examples of these have appeared in [11], see also the discussion in this paper).
Consider the blowup πp : Yp → X of X at any point p ∈ X. Let E be the
exceptional divisor and let [ω] ∈ CX be a Ka¨hler class on X. By Arezzo-
Pacard [1] it follows that Yp admits a constant scalar curvature Ka¨hler metric
in every Ka¨hler class of the form
γǫ := π
∗[ω]− ǫ[E]
for ǫ > 0 small enough. In other words, we can find Ka¨hler classes γǫ arbi-
trarily close to the boundary class π∗[ω] ∈ ∂CX in which the constant scalar
curvature equation can be solved. On the other hand, Y := Yp contains a
(−1)-curve, so by Corollary 30 it follows that Γpp−c1(Y )(γǫ) tends to minus in-
finity as ǫ → 0. It is interesting to note that for any blowup of a Calabi
dream manifold as above, the entropy term compensates sufficiently in order
to make the Mabuchi K-energy proper.
A similar phenomenon can also be observed in light of the main result of
[32].
5. Applications part II: Algebraic stability notions, openness
and optimal degenerations
5.1. Analytic and algebraic thresholds and existence of optimal de-
generations. In Section 3 we have established a precise description of how
the stability threshold Γppθ (ω) behaves under variation of [θ], and we gave
in our main result an explicit formula for the variation also in [ω] ∈ CX as
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long as we restrict to surfaces. Extending such a result to higher dimension
would be important for applications. Even without an explicit formula, it
is fascinating to try to understand if the stability threshold varies continu-
ously also in higher dimension. By combining our results with the assumption
that the Lejmi-Sze´kelyhidi conjecture holds (see e.g. [9]), we can address this
question. More precisely, the linearity of the stability threshold functions can
be used to compare the analytic threshold Γppθ (ω) and the algebraic stabil-
ity threshold associated to uniform J-stability (which is known to be upper
semi-continuous as we vary [ω] ∈ CX , see [43]). This will use the formalism
in e.g. [35, 41, 27, 42, 26, 9] to which we refer for details and full definitions,
see also [2, 7, 35] in the projective case.
To state our results we use the non-projective formalism for test configu-
rations that was introduced in [41, 27], which in the projective case coincides
with the notion of Lejmi-Sze´kelyhidi [35]. In this terminology, consider the
norm of test configuration given by
||(X ,A)|| := lim
t→+∞
t−1Eωω(ϕt),
where (X ,A) is a test configuration for (X, [ω]) in the sense of [41, 27], and
(ϕt) is the associated geodesic ray (in the sense of [41, 27]). Write moreover
(18) Eθω(X ,A) := lim
t→+∞
t−1Eθω(ϕt)
for the radial energy functional corresponding to the pair ([θ], [ω]) ∈ CX ×CX
(by e.g. [41, Theorem B] the non-Archimedean functional Eθω is an intersec-
tion number and is independent of the choice of representative θ ∈ [θ] and
ω ∈ [ω]). Note that it is well-defined by convexity, whenever both [θ] and [ω]
are Ka¨hler classes. Define also an algebraic stability threshold by
∆ppθ (ω) := sup{δ ∈ R | Eθω(X ,A) ≥ δ||(X ,A)||}
= inf
||(X ,A)||=1
Eθω(X ,A)
for all test configurations (X ,A) for (X, [ω]). We say that (X,ω) is uniformly
J-stable if ∆ppθ (ω) > 0, and let it be understood that the notion considered
depends also on the underlying class [θ] ∈ CX that we fix.
We now add the observation that if the Lejmi-Sze´kelyhidi conjecture holds
(cf. [9]), then not only is J-stability equivalent to properness of the relevant
functional, but the respective algebraic and analytic thresholds in fact coin-
cide (which in turn strongly suggest that the thresholds vary continuously as
a function of ([θ], [ω]) ∈ CX × CX):
Theorem 33. Let X be a compact Ka¨hler manifold with discrete automor-
phism group for which the Lejmi-Sze´kelyhidi conjecture holds (e.g. n = 2 or
X toric). Suppose that (θ, ω) are Ka¨hler forms on X such that Γppθ (ω) <
T ([θ], [ω]). Then the analytic and algebraic stability thresholds coincide, i.e.
∆ppθ (ω) = Γ
pp
θ (ω).
In particular, we have the formula
∆ppθ (ω) = inf
V
Cθ,ω
∫
V
ωp − p ∫
V
ωp−1 ∧ θ
(n− p) ∫
V
ωp
,
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where the infimum is taken over all subvarieties V ⊂ X of dimension p ≤
n− 1.
Proof. Along the same lines of the proofs of previous sections, let θs be any
Ka¨hler form on X such that [θs] := (1− s)[θ] + s[ω]. Consider the quantities
P (s) := Γppθ (ω) , Q(s) := inf
||(X ,A)||=1
Eθω(X ,A)
which are both linear for s ≤ 1. It follows from Lemma 15 and (18) that
P (1) = Q(1) = 1. Moreover, by [9] both P (s) > 0 and Q(s) > 0 are
equivalent to existence of a solution to the J-equation. Therefore, as before,
if there exists a Ka¨hler form θ on X for which the Jθ,ω-equation (8) is not
solvable, then P (s0) = Q(s0) also for some s0 ∈ [0, 1] with s0 6= 1. The
equality of the two thresholds extends to βs for all s ≤ 1 by linearity. Taking
s = 0 finishes the proof. 
Remark 8. (Applications to continuity and openness of J-stability) It is
interesting to discuss implications of the above Theorem 33 to the study con-
tinuity properties of the stability thresholds as we vary [θ] and [ω]. Continuity
is an immediate consequence of [16] in the case of surfaces, and in general
it was observed in [43] that ∆ppθ (ω) is upper semi-continuous. On the other
hand, it is expected that Γppθ (ω), viewed as a cohomological quantity in the
sense of Remark 3 and Notation 1, is lower semi-continuous. Putting this
information together would lead us to expect that both thresholds are in fact
continuous, at least when our main results (Theorem 2 and 5) hold, i.e. on
the open subset
VX := {([θ], [ω]) ∈ H1,1(X,R)× CX : Γppθ (ω) < T ([θ], [ω])}
of H1,1(X,R) × CX . This would in turn give a direct and simple proof of
openness of uniform J-stability as we vary the underlying Ka¨hler classes.
The continuity of stability threshold is a useful piece of information, and one
may ask if the stability threshold is in fact always a rational function in the
underlying Ka¨hler classes, as is the case for surfaces (in the sense of Section
3.2, see also Section 4.3). This explicit rational expression for the stability
threshold, valid in particular for all J-unstable classes, can moreover be used
to add a last piece of information to the characterization of the subcone
JsX ⊂ CX of J-stable classes in the Ka¨hler cone, with reference to any fixed
[θ] ∈ CX . For the purpose of stating our main results, let us recall that (X,ω)
is J-semistable if and only if ∆ppθ (ω) ≥ 0, depending only on the cohomology
classes [θ] and [ω], and write JssX ⊂ CX for the subcone of J-semistable
classes. If X is a compact Ka¨hler surface then both Lemma 15 and Theorem
33 apply, and hence we confirm the expectation that the J-semistable locus
is precisely the closure of the (uniformly) J-stable locus:
Corollary 34. Let X be a compact Ka¨hler surface with discrete automor-
phism group. Then the J-semistable locus equals the closure of the uniformly
J-stable locus in the Ka¨hler cone, i.e.
JssX = JsX
in CX .
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In particular it is immediately seen from this that uniform J-stability is equiv-
alent to the usual J-stability notion. It would be interesting to extend this
result to the general higher dimensional case.
Finally, we use the established piecewise linearity of the stability thresh-
old to show existence of a minimizing test configuration for the algebraic
threshold, assuming that J-stability is equivalent to uniform J-stability:
Theorem 35. Suppose that X is a compact Ka¨hler manifold with discrete
automorphism group such that every J-stable class is uniformly J-stable (e.g.
n = 2). If ∆ppθ (ω) < T ([θ], [ω]), then the infimum is achieved by a minimizing
test configuration (X ,A)min of norm 1 for (X, [ω]), i.e.
∆ppθ (ω) = E
θ
ω(X ,A)min.
Proof. With the same setup as above, let θs be any smooth closed (1, 1)-form
on X such that [θs] := (1 − s)[θ] + s[ω], with [θ], [ω] ∈ CX , and consider the
quantity
Q(s) := inf
||(X ,A)||=1
Eθsω (X ,A)
which is linear for s ∈ [0, 1] (this may be established by the exact same
proof as in Lemma 15, using also (18)). In order to establish existence of
a minimizer, assume that there exists an s0 ∈ (0, 1) such that Q(s) ≤ 0 for
all s ∈ [0, s0]. By continuity we then have P (s0) = Q(s0) = 0. Moreover, if
J-stability and uniform J-stability are equivalent notions, then there exists a
test configuration (X˜ , A˜) for which
Eθω(X˜ , A˜) = 0.
This test configuration then minimizes Q(s) for all s ∈ [0, 1], by linearity. 
Provided that the Lejmi-Sze´kelyhidi conjecture holds (see [9]) it follows from
Theorem 25 that the above test configuration (X˜ , A˜) can be taken to be the
slope test configuration where X is the deformation to the normal cone of the
minimizing subvariety Vmin ⊂ X.
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